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Abstract
We present a theoretical investigation of stiction in nanoscale electromechanical contact
switches. We develop a mathematical model to describe the deflection of a cantilever beam in
response to both electrostatic and van der Waals forces. Particular focus is given to the
question of whether adhesive van der Waals forces cause the cantilever to remain in the ‘ON’
state even when the electrostatic forces are removed. In contrast to previous studies, our theory
accounts for deflections with large slopes (i.e. geometrically nonlinear). We solve the resulting
equations numerically to study how a cantilever beam adheres to a rigid electrode: transitions
between ‘free’, ‘pinned’ and ‘clamped’ states are shown to be discontinuous and to exhibit
significant hysteresis. Our findings are compared to previous results from linearized models
and the implications for nanoelectromechanical cantilever switch design are discussed.
(Some figures may appear in colour only in the online journal)

1. Introduction

ON position and may not reopen—even when the voltage is
removed. This phenomenon, known as stiction failure, is one
of two main engineering difficulties in modern NEM switch
design (the other being ‘ablation’, in which the tip of the
electrode is damaged by repeated contact cycles).
In this paper we present a model of the operation of a
NEM switch that incorporates three aspects of the stiction
problem that previously have been considered in isolation:
(a) the pull-in/pull-out behaviour of contact switches, for
combined vdW–Coulomb interactions; (b) the different
adhered states possible and the transition between these states;
(c) the effect of geometric nonlinearities for systems that
feature large deflections. We first review briefly the previous
work on each of these aspects.
The ON/OFF cycle of a cantilever switch is characterized
by the transition from the freely suspended state to a contact
state upon the application of a voltage difference (pull-in) and
the transition from a contact state back to the free state upon
the removal of that voltage difference (pull-out). The pull-in
behaviour of microelectromechanical (MEM) switches was
first studied by considering a beam responding to electrostatic
forces alone [2, 3]. As the interest in NEM devices increased,
these models were superseded by models of a beam subjected

As the size of electronic systems is scaled down further
and further, nanoelectromechanical (NEM) devices are
increasingly seen as the ‘promised land’ of truly nanoscale
technology. The development of NEM contact switches is
often taken to be the natural next step from conventional
semiconductor systems and has received much attention in
recent research—see the review by Loh and Espinosa [1] for
an overview of this area.
The concept of (macroscopic) electromechanical contact
switches dates back to the early days of the telephone.
It is, perhaps, the simplest example of how electrical and
mechanical forces interact: an externally applied voltage
induces mechanical bending of an electrode and closes the
circuit. Once the voltage is removed, the elasticity of the
electrode causes the switch to open again. However, as the
size of the system is reduced to micro and nanoscales,
a third force (in addition to the electrostatic and elastic
forces) becomes significant: the short range van der Waals
(vdW) attraction between the electrodes. If this attraction
is sufficiently strong then, once driven into contact by
electrostatic forces, the switch may become ‘stuck’ in the
0957-4484/13/275501+11$33.00
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switches (some studies, such as Ramezani et al [19] account
for large deflections, but only up to pull-in). However, studies
have considered nonlinear effects in systems that are related
to the cantilever switch, including the peeling of a thin
elastica from an adhesive substrate [20], the folding of an
elastica upon itself [21] and the shape of large delamination
blisters [22]; these examples are all reminiscent of a cantilever
switch in its ON state.
In this paper, we present a nonlinear model of a
cantilever switch undergoing large elastic deflections due to
a combination of vdW and Coulomb forces. We study how
the suspended and adhered states change qualitatively with
increasing and decreasing applied voltage and characterize
the geometric and material conditions that result in permanent
stiction.

Figure 1. Cantilever beam of length l, suspended at height δ and
subject to voltage V. The diagram highlights the three possible
states of the beam: (a) freely suspended, (b) pinned at its free end,
and (c) adhered to the bottom electrode over a finite distance
(detaching at s = λ). In the process, the free end of the beam is
displaced by a horizontal distance 1l. The shape of the beam is
characterized by the intrinsic angle θ(s).

2. Theoretical formulation

to a combination of vdW and Coulomb forces. This made it
possible to obtain an analytical estimate of the pull-in voltage
for carbon-nanotube (CNT) based NEM switches [4]. Later,
these models also incorporated capillary and non-classical
effects such as combined vdW–Casimir interactions [5, 6].
Much of the recent experimental and numerical work has
been based on this vdW–Coulomb model [7, 8]. However,
the stiction conditions derived from this usually assume that
the pull-out voltage is identical to the pull-in voltage [8]
and hence preclude the possibility of hysteresis due to
adhesion. More recently, hysteretic adhesion was investigated
by looking at a beam with a dimple at its free end [9]. This
gives rise to adhesion over a finite length (the length of the
dimple) as soon as the beam makes contact with the substrate.
Such a state is known as a ‘clamped’ state—(c) in figure 1.
In the absence of a dimple, however, stiction can still occur
even when the contact length tends to zero. The beam is then
‘pinned’ to the substrate at the end—(b) in figure 1.
The two different modes of stiction for cantilever
beams—‘pinned’ and ‘clamped’—were investigated in the
context of stiction failure in MEM switches [10–12]. Stiction
conditions for both pinned and clamped states have been
presented, together with studies of the transition between
them [13, 14]. These conditions give bounds for the design
parameters of contact switches to avoid irreversible stiction
and can also be used to estimate the strength of adhesion of
an adhered beam [13, 15, 16]. Even though both clamped
and pinned states are known to occur in NEM switches
this earlier work is often ignored in later literature [3,
17]. More recently, adhesion transitions of multiple flexible
sheets were investigated using a general approach [18]. This
established a hysteresis loop between the different adhered
(and non-adhered) states.
A common simplification in previous studies of cantilever
switches is that the switch deformation has a small slope
so that a linearized beam theory is appropriate. However,
examples in the literature suggest that many modern NEM
contact switches feature relatively large switch height/beam
length aspect ratios [1, 17]. In such cases, the assumption of
small slopes is no longer appropriate—a nonlinear approach
is called for. To our knowledge, large deflections have not
been considered in previous studies of the stiction of contact

2.1. Problem setup
We consider a naturally flat beam, of length l, width a,
and thickness h, acting as an electrode, suspended above a
second, rigid electrode (the substrate). This setup is shown
schematically in figure 1. The beam is clamped at a height δ
above the substrate at one end and is free at the other end. The
system is subjected to an externally applied voltage, so that
the beam experiences an electrostatic force that causes it to
bend towards the bottom electrode. The voltage is increased
until the beam makes contact with the substrate—at a critical
pull-in voltage Vp–i . The switch is then said to be in its
ON state, since it is now able to conduct. If the voltage is
increased beyond Vp–i the beam deflects further and becomes
increasingly adhered (but still subject to free boundary
conditions at its tip, whereas in the macroscopic picture it
now evolves with pinned or clamped boundary conditions
at the point of contact). It has been shown previously that
a quasi-static approach is justified [19], which allows us to
ignore dynamic effects in what follows.
We assume that the material properties of the beam,
namely its Young’s modulus, E, and Poisson ratio, ν, are
given, along with the strength of adhesion between beam and
substrate, 1γ , (defined as an adhesive energy per unit area).
The system is then characterized by a typical length,√known as
the elastocapillary length [23, 24] defined as `ec = B/1γ a,
where B = Eah3 /12(1 − ν 2 ) is the bending stiffness for a
sheet or wide beam [25]. Qualitatively, our model is also valid
for narrow beams, where the bending stiffness is replaced by
B = Eah3 /12 [26]. The elastocapillary length is a measure
of the relative strengths of the bending stiffness of the sheet
and the sheet–substrate adhesion. For given E and ν, `ec
may be varied by changing the thickness of the beam (which
changes the bending stiffness B), but keeping 1γ constant.
The cantilever system features three geometric lengthscales
that can be varied: the thickness of the beam, h, its length l,
and the clamping height, δ.
The deflection of the cantilever is determined by
modelling the cantilever as an elastic beam. While we account
for geometric nonlinearities, such a beam model is only
2
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valid when h  l [27]. With this restriction, there are only
three possible separations of scale: h  δ  l, h  δ ∼
l and h ∼ δ  l. The first of these limits is that usually
considered in theoretical studies of NEM/MEM contact
switches. However, the latter two regimes are becoming
increasingly relevant in many nanoscale applications [1, 17].
Considering a geometrically nonlinear model allows us to
describe systems where δ ∼ l. To account for the case where
h ∼ δ, it is also important to include the effect of finite beam
thickness in the description of the vdW forces.
Our model considers both van der Waals and Coulomb
forces. As discussed above, this combination has previously
been considered in cantilever switch problems [1, 4, 9].
However, the focus of these studies has been almost
exclusively on estimating the pull-in voltage of a system,
with little attention paid to the stiction process for voltages
beyond pull-in. However, the volatility of stiction (whether
stiction remains once the voltage is removed) is determined
by the competition of bending moments in the deformed beam
(which tend to restore the system to its original undeformed
state) and the attractive van der Waals forces, which give rise
to the adhesion 1γ (forcing the beam into an adhered state).
It is therefore important to consider the effect of adhesion
beyond pull-in.
The Casimir force is neglected in our model. This is
motivated by the fact that the Casimir force dominates vdW
forces only for beam–substrate separations w > 50 nm [28];
for w < 50 nm vdW forces dominate. However, by far the
most important contribution from intermolecular forces to the
state of the beam is found when the sheets are in contact or
very close to contact, i.e. w  50 nm. Casimir forces may thus
be neglected in comparison to vdW forces when considering
pull-out transitions. For pull-in transitions on the other hand,
electrostatic forces are the most important attractive force,
since Casimir forces decay more quickly (like 1/w4 ) than
electrostatic forces (1/w2 ) and, as we shall see shortly, pull-in
occurs with macroscopic cantilever–substrate separations.

be related to the van der Waals radius, which describes the
equilibrium contact distance between two objects (see below).
For the case of small inclination angles of the beam to the
horizontal, θ (s)  1, (1) yields the following van der Waals
energy density for a sheet of thickness h, whose mid-plane is
at a height w(s) above a flat substrate [31]:


1
1
AH
EvdW (s) = −
−
12π
(w(s) − h/2)2
(w(s) + h/2)2


1
1
D
−
(2)
−
30 (w(s) − h/2)8
(w(s) + h/2)8
where AH ≡ π 2 Cρρs is known as the Hamaker constant, and
ρ and ρs are the densities of sheet and substrate, respectively.
We define the van der Waals radius as
w∗ = w0 − h/2,

(3)

where w0 is the equilibrium contact distance between the
mid-plane of the sheet and the substrate surface. w∗ is thus
the distance between the bottom of the sheet and the top of the
substrate, when in contact. Typical values for w∗ are ∼2–3 Å,
which is much smaller than any of the sheet thicknesses
considered. This justifies the assumption that w∗  h. Making
use of (2), it emerges from considerations of equilibrium at
w = w0 that D ' (15/2)w∗ 6 .
The effects of large deflections (where θ ∼ 1) are
included by integrating the energy from z = w − h/2 cos θ
to z = w + h/2 cos θ , for a beam segment at an angle θ to
the horizontal. The van der Waals energy density may then be
written:


AH
1
1
EvdW = −
−
12π (w−h/2 cos θ )2
(w+h/2 cos θ )2


D
1
1
−
−
.
30 (w − h/2 cos θ )8
(w + h/2 cos θ )8
(4)
It is common to replace the Hamaker constant AH with
the strength of adhesion, 1γ , defined as the energy required to
separate surfaces from the contact distance w0 to infinity [30].
In the limit w∗  h, we find

2.2. Variational formulation

AH 1
.
(5)
16π w∗ 2
Writing w− ≡ w−h/2 cos θ and w+ ≡ w+h/2 cos θ , and
making use of (5), we rewrite (4) to give the vdW energy per
unit length
(

 ∗ 2
4
w∗ 2
w
−
UvdW = − 1γ a
3
w−
w+
"

 ∗ 8 #)
1
w∗ 8
w
−
−
.
(6)
4
w−
w+
1γ = EvdW (∞) − EvdW (w0 ) '

To determine the equations governing the shape of the
deflected cantilever beam, we use a variational formulation of
the problem. The bending energy per unit length of the beam
is written as UB = 12 Bθs2 , where θ (s) is the angle (measured
relative to the horizontal) of the tangent to the curve and ()s =
d/ds. We ignore stretching effects (considered, for example
in Yin and Ya-Pu [29]), which is consistent with our later
neglecting friction (the validity of this assumption is discussed
below) and the requirement that h  l. The van der Waals
interaction energy between a molecule in the cantilever and a
molecule in the substrate is then given by [30]


1
D
Um−m = −C 6 − 12 ,
(1)
r
r

The Coulomb energy due to an externally applied voltage
scales as UE ∼ w(s)−1 [30]. This means that the electrostatic
potential will be the driver of deflection wherever w(s)  h
but will be small compared to the vdW term when w(s) ≤
h, i.e. when the beam is adhered. The fact that the UE
contribution is only significant when w(s)  h suggests that

with r the distance between the two molecules and C and D
material dependent parameters. C is sometimes referred to as
the ‘London Constant’ and has units J m−6 , whereas D can
3
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we may neglect the finite thickness of the beam in the
electrostatic term. The electrostatic energy (per unit length),
defined as the work required to bring the beam from its
original separation, where z(s) = δ, to z(s) = w(s), may be
written


1
1
1
UE (s) = − 0 V 2 a
,
(7)
−
2
w(s) δ

the beam we find that the internal stress in the X-direction at
S = 1 is zero and therefore τ = 0 everywhere.
Finally, our model neglects friction between the
cantilever and the substrate. We neglect friction to simplify
the treatment of contact regions. However, we note that
experimental measurements of the friction coefficient of
graphene layers yielded very low values (around 0.03, [34]),
so that frictional forces are always negligible in comparison
to normal forces. Incorporating friction would also require
a changing stress within the contacting part of the
cantilever [35] which is inconsistent with the third equation
in (12).
With τ = 0, equation (12) reduces to a system of one
second order ODE and three first order ODEs. Therefore, five
boundary conditions are required to solve the system: these
are given by

where 0 is the permittivity of free space. For simplicity,
we ignore in this study the effects of fringing fields and
do not consider dielectric layers which are commonly used
in experimental setups [2, 29, 32, 33]. However, our model
could be modified to include these effects by adjusting the
prefactor/adding a constant term in (7) accordingly.
To obtain the total free energy, the energies UB , UvdW
and UE are integrated over the total length of the beam. The
equation of state of the system is then found by minimizing
Z l
U=
[UB (s) + UvdW (s) + UE (s)

X(0) = 0, W(0) = d, θ (0) = 0,
θS (1) = 0, η(1) = 0.

0

+ F(s)(ws − sin θ ) + T(s)(xs − cos θ )] ds,

The first three of these fix the beam to be clamped at a height
d, at S = 0. The third and fourth impose free end boundary
conditions at S = 1. Note that, since adhesion is modelled
by an attractive potential, these free end conditions apply to
all states of the switch—whether they are adhered or not. In
contrast, theoretical treatments without explicit vdW forces
instead impose adhesion conditions at the stuck end of the
beam, which modifies the boundary conditions (13)—such
models are discussed below.
To compute the horizontal deflection of the free end, 1L,
for given input parameters d, H, ψ, we use the geometrical
relationship
Z 1
1L =
1 − cos θ dS,
(14)

(8)

where F(s) and T(s) are Lagrange multipliers associated with
the geometric relations
Z s
Z s
w(s) =
sin θ (s0 ) ds0 ,
x(s) =
cos θ (s0 ) ds0 . (9)
0

0

The Lagrange multipliers F(s) and T(s) correspond physically
to the vertical and horizontal components of the internal stress
acting within the beam, respectively [26].
In what follows, it will be helpful to rescale all lengths by
l, writing
d = δ/l,

S = s/l,

H = h/l,

W = w/l,

etc. (10)

We then obtain
!
"
!#
Z 1
1 2 α
1
β
1
1
1
U=
− 2 −
− 8
θ −
2 S
2
4 W−8
W−2
W+
W+
0



1
1
−
+ η(WS − sin θ ) + τ (XS − cos θ ) dS,
−ψ
W
d

0

once we have solved for the beam shape θ (S).

3. Numerical procedure and results
The system (12) subject to the boundary conditions (13)
can readily be solved using the M ATLAB boundary value
problem solver bvp4c. As the applied voltage is increased
or decreased, the evolution of the cantilever shape can
be traced using a straight-forward continuation scheme.
Resulting deflection profiles are shown in figure 2.
We observe two distinct contact states: an arc-shaped,
or pinned, state (profile (c) in figure 2), and an s-shaped, or
clamped, state (profile (d)). We analyse the evolution of the
switch as the applied voltage, ψ is varied, paying particular
attention to the appearance of these adhered states. It is
convenient to present this evolution in terms of the horizontal
displacement of the free end, 1L, since the transition between
free, pinned and clamped states is marked by observable
jumps in 1L (see figures 4, 6 and 7). Furthermore, in each
of the observed states, 1L evolves in qualitatively different
ways with ψ: for the suspended beam, 1L grows rapidly up
to the pull-in voltage ψp–i ; for the pinned state, 1L decreases
slightly with increasing ψ; finally, the clamped state features

where, U = Ul/B is the dimensionless Lagrangian and
α ≡ AH a/6π B,
ψ ≡ 0 V 2 al/2B,

β ≡ 2D/15l6 ,

η ≡ Fl2 /B,

τ ≡ Tl2 /B.

(11)

We define the dimensionless strength of adhesion 0 ≡
l2 1γ a/B, such that α ' (8/3)W ∗ 2 0 in the limit W ∗  H,
and β ' W ∗ 6 . We simplify our notation by writing the sum of
vdW and Coulomb energies as G(W, θ ) = UvdW + UE .
Using the Calculus of Variations, we find that the
functional U is extremized by functions θ , X, W, η, and τ
satisfying:
θSS + η(S) cos θ + τ (S) sin θ + Gθ = 0,
ηS − GW = 0,
τS = 0,
WS = sin θ,
XS = cos θ.

(13)

(12)

From the third equation in (12) it is clear that τ is constant.
However, since no horizontal force is applied to the end of
4
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Figure 2. Switch profiles for d = 0.3, H = 0.01 and different
applied voltages, ψ: (a) ψ = 0, no deflection; (b) ψ ≈ ψp–i ,
suspended state just before snap-through; (c) pinned configuration,
(min)
(max)
(min)
ψpin
< ψ < ψpin
; (d) clamped configuration, ψ > ψclamp
(see
text).

again a monotonic increase, where 1L → d as ψ → ∞. (The
decrease in 1L for the pinned state is due to the increased
attraction over the length of the beam, leading to the tip being
pushed outwards.)
In general, the evolution of the switch with ψ runs along
a hysteresis loop (illustrated in figures 4, 6 and 7): starting
from a freely suspended beam, the system snaps to a pinned
or clamped adhered state at ψp–i . Once pinned, the beam
will transition to a clamped configuration at a critical voltage
(max)
ψpin and remain in the clamped state as ψ is increased
further. As ψ is reduced the beam will either remain in the
(min)
clamped state or transition back to the pinned state (at ψclamp )
and remain there as ψ → 0, exhibiting non-volatile stiction in
both cases. Otherwise, it will return to the freely suspended
(min)
state for 0 < ψ < ψpin (volatile stiction). In the remainder
of this section we will discuss the properties of this hysteresis
loop in some detail.
We first consider the pull-in process as ψ is increased up
to ψp–i by looking at how the transition from suspended to
adhered states is dependent on the switch parameters d and H.
We then examine volatile and non-volatile stiction behaviour
as ψ is decreased to zero.
We solve equations (12) and (13) for given values of
the dimensionless parameters d, H, W ∗ and 0. To guide the
values of these parameters used in our calculations, we first
consider a set of typical dimensional values for carbon-based
NEM switch design. The strength of adhesion for graphene
on different substrates has been reported to lie in the range
1γ ' 0.04–0.3 J m−2 [36–38]. We take 1γ = 0.065 J m−2 ,
which corresponds to typical carbon–carbon adhesion [30],
one of the scenarios discussed by Loh and Espinosa [17].
The bending stiffness (per unit area) of few layered graphene
can be approximated by B/a = bn3 , where b ' 18 eV is the
scaled bending stiffness and n is the number of molecular
layers in the beam [39]. For example, a 30 layered graphene
beam has thickness h = 30h1 ' 10 nm (where h1 ' 0.33 nm
is the thickness of a graphene monolayer) and hence a
bending stiffness B/a ' 7.8 × 10−14 J. Typical beam lengths
are 0.5–1.5 µm [17]. Taking l = 1 µm we find H = 0.01
and a dimensionless strength of adhesion 0 ' 0.08. The
dimensionless vdW radius is W ∗ = 3.3 × 10−4 . In recent
experiments, the switch height/beam length aspect ratio
typically takes values d ' 0.01–0.65 [32, 39]. In what follows,

Figure 3. 1L(ψ) for four different beam thicknesses H, showing
suspended and pinned states (clamped states are omitted for clarity).
Curves are shown for beams clamped at height d = 0.1 with
thicknesses H = 0.005 (cyan dotted), H = 0.007 (blue dash-dotted),
H = 0.012 (green dashed) and H = 0.016 (red solid). The squares
(max)
mark the respective values for ψpin
(H) (at which point the beam
becomes clamped). The 1L(ψ) dependence for freely suspended
states is approximately independent of H, yielding indistinguishable
curves for different heights (black curve at base), with maximum
value ψp–i . The dashed arrow marks the transition from
suspended-to-pinned states. The black circle marks volatile pinned
stiction for the thickest sheet.

we will take the parameters 1γ , b and W ∗ fixed to the values
above. The only quantities that are varied are d and H (and
finally l, to obtain figure 8).
3.1. Pull-in transitions
As ψ is increased, the initially straight beam gradually bends
towards the bottom electrode, until it jumps to an adhered
state at ψ = ψp–i . Whether this jump is to a pinned or to a
clamped adhered state depends on both the switch height d
and the beam thickness H.
In the limit H  d, the pinned state is extremely unstable,
which is to say that numerical solutions are not found for
thicknesses lower than a critical value, for given d. The reason
for this is the following. The larger d, the greater the slope
at the point of contact, θ (1). Consequently, the short range
vdW forces act only on the very tip of the beam. As H
becomes small, the contact region tends to zero, making a
suspended-to-pinned transition less and less favourable (see
figure 3).
We find that the stability of pinned states is also restricted
in the limit d ∼ H  1. In this limit, the slope of the beam
is small and the vdW forces act on a significant length of the
beam. This causes the beam to ‘zip up’ and so the clamped
configuration is again favoured over the pinned one (see
figure 4). The dependence of these transitions on d and H can
be quantified by looking at the critical voltages ψp–i (d, H) and
(max)
ψpin (d, H).
Our numerical results suggest that the pull-in voltage
is approximately independent of H and scales as ψp–i ∼
d3 . Computing a best fit power law gives ψp–i ≈ 1.702d3
5
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Figure 4. The dependence of 1L on ψ, for a beam of thickness
H = 0.012 and suspended at heights d = 0.030 (red thin) and
d = 0.033 (blue thick). The black circle and square correspond to
the maximally adhered pinned states which are marked in figure 5.
Dashed arrows show transitions between states, solid arrows
illustrate the continuous evolution of each different state with
varying voltage. Insets: profiles corresponding to the different
(suspended, pinned, clamped) states.

(represented by the solid line in figure 5(a)). This scaling
is in agreement with previous analytical estimates [2, 4] of
ψp–i (d), which calculated the (dimensional) pull-in voltage
for a cantilever switch to be
s

  3
32 2B
δ
.
(15)
Vp–i =
27 0 al
l

Figure 5. (a) Log–log plots of transition voltages ψp–i (d) (solid
(max)
(d) (blue dashed), for H = 0.012. When
black) and ψpin
(max)
> ψp–i , transitions from suspended-to-pinned states are
ψpin
(max)
< ψp–i , the system jumps straight
observed—inset (i). When ψpin
from suspended-to-clamped states—inset (ii). Critical switch
(min)
(max)
heights dpin
and dpin
are shown, demarcating the boundary
between the two transitions. The scaling ψp–i ∼ d3 is illustrated.
(b) Regime diagram of pull-in transitions in (d, H) space. The blue
area represents (d, H) values where the suspended → pinned
transition is possible; the dotted line represents H = 0.012, with
(min)
(max)
as above. Circle and square correspond to the
and dpin
dpin
configurations shown in figure 4.

2 ≈
In dimensionless terms this becomes ψp–i = (0 al/2B)Vp–i
1.185d3 . While the previously determined prefactor is lower
than that found in our numerics, we note that in the derivation
of (15) the pull-in height is taken to be w(l) = (2/3)δ.
This value is based on the assumption that the electrostatic
force, fE , acts uniformly over the length of the beam, with
its strength calculated based solely on the separation at the
end of the beam. In reality, this overestimates fE (and hence
underestimates the pull-in voltage), since the free end is the
point closest to the substrate; in fact fE is significantly smaller
towards the clamped end (at s = 0). Our model, on the other
hand, computes pull-in explicitly, accounting for non-uniform
fE ; as a rule of thumb, we find deflections consistently closer
to w(l) ' (1/2)δ.
Figures 3 and 4 show the evolution of 1L(ψ). We find
that transitions occur at ψ = ψp–i and that the transition is
from

suspended → pinned,

Interestingly, (16) has no solutions for thicknesses less than a
critical value Hpin ' 0.0072, which means that for H < Hpin
the beam snaps from the freely suspended straight to the
clamped state for all values of d. For H = Hpin , there is
only one solution to (16), dpin ' 0.083. For H > Hpin , there
(min)
(max)
are two solutions, which we label dpin and dpin . These
results may be summarized in a regime diagram illustrating
the parameter ranges for which each of the two contact (or
adhesion) transitions occur—see figure 5(b).
Figure 5 shows that the beam can only transition from
(min)
(max)
suspended-to-pinned when H > Hpin and dpin < d < dpin .

(max)

for ψp–i (d) < ψpin (d, H),

(min)

suspended → clamped,

(max)

for ψp–i (d) > ψpin (d, H).
(max)

The functions ψp–i (d) and ψpin (d) are shown in figure 5(a),
for H = 0.012. Critical heights demarcating the modes of
transition, are given by the solutions to
(max)

ψpin (d, H) = ψp–i (d).

(max)

Taking H = 0.012, we find dpin = 0.031, dpin = 0.208
and the two different scenarios are illustrated in figure 4:
suspended → clamped for d = 0.03 (red thin) and suspended
→ pinned for d = 0.033 (blue thick).

but from

3.2. Pull-out transitions: volatile and non-volatile stiction
Section 3.1 was concerned with the process of pull-in as the
voltage increases. In this section we examine the conditions

(16)
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Figure 7. 1L(ψ) for the large deflection case, d = 0.5
(H = 0.012). Empty squares and circles again mark volatile
clamped and pinned stiction, respectively. Insets show example
profiles of the beam in each of the three possible states.

Figure 8. Stiction boundaries for pinned (blue thick) and clamped
(black thin) states. The dashed curves give the linear asymptotic
results for clamping (19) and pinning (21). The lined region
represents the geometrically inaccessible region δ > l, in which no
voltage is strong enough to induce contact and hence the switch
does not work. Inset (a): detail of the limit H ∼ d. Inset (b): pinned
non-volatile stiction shown on scanning electron micrographs, scale
bar is 500 nm. Reproduced with permission from [17]. Copyright
2010 Wiley. (Dashed lines added by authors to highlight the beam
shape.)

Figure 6. The dependence of 1L on ψ, for beam thickness
H = 0.012: (a) d = 0.04, (b) d = 0.08 and (c) d = 0.16. Different
curves in each subfigure correspond to suspended, pinned and
clamped states, as illustrated in figure 4. Transitions between states
are marked as dashed arrows in (a), solid arrows highlight the
hysteresis loop for increasing and decreasing voltages. Solid squares
and circles mark states with non-volatile clamped and pinned
stiction, respectively. Empty squares and circles mark clamped and
pinned states exhibiting volatile stiction.

(min)

(min)

ψpin < ψclamp , we observe that the clamped state will
always transition to the pinned, rather than the suspended
state. As the voltage is reduced to zero, we find that clamped
(min)
stiction may remain, i.e. that ψclamp (d, H) < 0 for some
values of d and H. This is referred to as non-volatile clamped
stiction, since stiction remains even when the voltage that
caused it is removed. It is natural to ask, for a given thickness
H, what is the minimum device height d needed to avoid
non-volatile clamped stiction? This height dclamp is found by
solving

under which contact remains when the applied voltage is
removed; i.e. the conditions under which stiction failure
occurs.
To study the limits of non-volatile stiction, we assume
that the system is in its clamped state with a given maximum
voltage ψmax . As the voltage is decreased the switch will
(min)
remain in this state until it reaches ψclamp . It will then
transition to one of the other states as the voltage is decreased
(min)
further (figure 6). Our numerical results suggest that ψclamp <

(min)

ψclamp (d, H) = 0.
For d < dclamp , the switch will remain in the clamped state
when ψ is reduced to zero, whereas, for d > dclamp , the state
(min)
will transition to pinned when ψ < ψclamp .

(max)
ψpin

for all values of d and H, i.e. there is hysteresis
between the two states. Since we also consistently find that
7
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(min)

i.e. for given `ec and l, the maximum switch height that
the clamped state supports (where λ = l) is δ = δclamp . Put
another way, to avoid non-volatile stiction one should ensure
δ > δclamp .
For pinned states, the boundary conditions are given by
w(l) = w00 (l) = 0. Equation (17) is thus fully determined by
the four given boundary conditions (since, in this case, λ = l).
In order to find the critical switch height, we balance the van
der Waals and restoring bending forces at the pinned end of
the beam, which leads to the ‘pinning condition’

As ψ is further decreased below ψclamp the system
remains in its pinned state until ψ =
(min)
ψpin <
(min)
of ψpin

(min)
ψpin .

Again, if

0 we expect non-volatile stiction and the solution
= 0 gives rise to a minimum device height to avoid
(min)

non-volatile pinning, dpin . For 0 < ψ < ψpin , the switch will
be released and return to its freely suspended state. Volatile
(min)
stiction is thus observed whenever ψpin > 0. This hysteresis
loop is shown in figures 6 and 7. Figure 6 illustrates the
different stiction scenarios: clamped for d < dclamp (a), pinned
for dclamp < d < dpin (b) and free when d > dpin (c).
Figure 7 illustrates the behaviour of the switch in the
large deflection regime, i.e. d = O(1), for the specific case
d = 0.5 and H = 0.012. The evolution of 1L(ψ) is found
to be qualitatively similar to that already discussed for the
limit d  1. As argued above (and illustrated in figure 5), we
observe a suspended-to-clamped transition in this case, since
(max)
d > dpin .
From an experimental point of view dpin is likely to be
the most important parameter, since systems with d > dpin
will exhibit volatile stiction, while those with d < dpin will
exhibit some form of non-volatile stiction. By fixing `ec (i.e. B
and 1γ ) and varying the switch length l, we can compute
dimensional values for boundary heights δclamp (l) and δpin (l)
(figure 8). These conditions specify the minimum height of
a switch required to avoid stiction failure (for given material
parameters and beam length).

|w0 (l)w000 (l)| = 1/`2ec ,

a derivation of which is presented in the appendix. Imposing
(20) on the solution of the pinned beam, we find
√
(21)
δpin = ( 2/3)l2 /`ec .
Comparing (19) and (21) we have δpin = 2δclamp . This means
that the switch has to be twice as high as the clamped stiction
condition predicts to avoid pinned stiction.
In this linearized model, the pinned and clamped regimes
have a qualitative difference: for given `ec and l, the system
can feature clamped states for all heights that satisfy 0 < δ <
δclamp ; however, only one height, namely δpin , satisfies the
conditions for a pinned state. In reality (and in the numerical
model presented above), states where δclamp < δ < δpin adopt
an approximately pinned configuration, which features small
deformations of the beam near its free end. This is due
to the attractive forces being stronger than the restoring
force of the ideal pinned state. The finite range of possible
close-to-pinned states is illustrated by the slight decrease in
1L with increasing ψ as discussed in section 3.2.
Note that (21) was derived previously by Mastrangelo
and Hsu [10], who arrived at the result by considering shear
deformation near the tip when the beam is clamped, letting
λ → l. However, we believe that the pinning condition (20)
and its derivation in the appendix are novel.

4. Linear stiction boundaries
We have seen that the question of most practical interest is
whether a system undergoes volatile or non-volatile stiction,
i.e. when does the beam’s state at zero external voltage remain
adhered? To gain physical and analytical insight, we consider
the small deformation limit (where dw/dx  1). In this limit,
the shape of the cantilever with no applied voltage satisfies the
beam equation
Bw0000 = 0.

(20)

4.1. Comparison to nonlinear model

(17)

In the regime h  δ  l, the asymptotic results give numbers
that are in good agreement with the numerical results of
the nonlinear model, as described in the previous sections.
In particular, results for the limits at which the different
modes of non-volatile stiction are observed are illustrated in
figure 8. It is interesting to observe that good agreement is
obtained for relatively large aspect ratios d = δ/l: the upper
limit of figure 8 corresponds to d = 0.3. This suggests that
the boundary conditions (19) and (21) may be applied with
reasonable confidence to experimental settings where d is not
necessarily small. However, beyond d ≈ 0.3 the differences
between the results of the linear and nonlinear models become
increasingly significant.
The lined region in figure 8 represents the geometric
constraint δ > l, where contact between beam and substrate
is geometrically impossible without stretching. It is important
to avoid this region since the switch will not be able to contact
and hence will not work.

In the case of clamped adhesion, the boundary conditions are
given by w(λ) = w0 (λ) = 0, where λ is the x-coordinate of the
point at which contact first occurs (see figure 1). At the origin,
the clamped beam boundary conditions remain the same as
for the nonlinear theory, namely w(0) = δ, w0 (0) = 0. We
therefore have a fifth order system, since λ is not known a
priori. An additional condition is then required, which can be
shown to be [12, 25, 40]
√
(18)
w00 (λ) = 2/`ec .
This geometric relation arises from performing a variation in
the position of the point of contact, λ, when minimizing the
total free energy of the system.
From this it is a simple matter to derive an expression
of the critical switch dimensions for given material
characteristics. We find [12, 13]
√
δclamp = ( 2/6)l2 /`ec ,
(19)
8
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figure 9 (dashed and solid, respectively). Since the strength
of carbon–carbon adhesion is not precisely known the figure
shows a range of possible values for 1γ in the range 0.01 ≤
1γ ≤ 0.1 J m−2 . We find generally good agreement between
the experimental data and the stiction boundaries presented
here.

5. Conclusions
We have presented a theoretical, quasi-static study of
stiction processes in NEM contact switches. Incorporating
the effects of geometrically nonlinear deflections and finite
beam thickness, we discussed in detail the hysteresis loop that
describes the closing/opening processes of a contact switch
with changes in the applied voltage.
The hysteresis loop was found to consist of two kinds
of processes: (a) the continuous evolution of a given state
(freely suspended, pinned adhered or clamped adhered) and
(b) discontinuous jumps between these three states at critical
values of the applied voltage.
We found that pull-in (the transition from freely
suspended to a contacting regime) can result in either a
pinned or a clamped state. Suspended-to-pinned transitions
are found to occur only for sufficiently thick sheets, and
when the switch height lies within a given range. Outside this
range, the beam will snap from the suspended state straight
to a clamped configuration. We believe that the mode of
transition may have important implications for the second
main failure mechanism in NEM contact switches: ablation.
In ablation the beam tip is damaged and the beam gradually
shortens as the switch undergoes repeated ON/OFF cycles.
Whether the initial contact with the bottom electrode occurs
with a ‘flat’ or an angled tip is likely to affect this damage
process. However, ablation failure is very much governed by
the dynamic behaviour of the switch and hence is beyond the
scope of this paper.
The pull-out behaviour of a system (the transition back to
a free state) was shown to be governed by the critical heights
δpin (l) and δclamp (l). If δ < δclamp , the switch will get stuck in
the clamped state. For δclamp < δ < δpin , the switch is expected
to suffer non-volatile pinned stiction. If δ > δpin , on the other
hand, the switch will return to its original open configuration,
once the voltage is removed and the stiction is volatile, as
desired.
By considering a linearized framework, analytical
estimates of these critical heights were presented and
compared to the results of our numerical model. We found
close agreement between the two for a large range of switch
aspect ratios. In particular, the commonly used analytical
results present a practical and valid solution for values of δ/l
up to ∼0.3. It also emerged that the stiction conditions are in
good agreement with recent experimental data.
(min)
We further considered the critical pull-out voltages ψpin

Figure 9. Stiction boundaries δclamp (dashed) and δpin (solid),
plotted as functions of l2 , giving straight lines, as suggested by (19)
and (21). The shaded regions around the boundaries account for the
uncertainty in 1γ and range from 1γ = 0.1 (top limit) to
0.01 J m−2 (bottom limit). Red triangles represent experimental data
points from systems that exhibit volatile stiction, while black circles
represent systems with non-volatile stiction. The dotted line
corresponds to the scaling law δ ∼ l4 , presented in [17].

Figure 8, inset (a) highlights the divergence of asymptotic
and numerical results when h ∼ δ. This is due to the effects of
the finite beam thickness on the vdW forces.
A scanning electron micrograph is shown in figure 8
(inset (b), reproduced from Loh and Espinosa [17]), which
highlights, firstly, that deflections in modern applications are
not necessarily small and, secondly, that pinning is possibly
the most relevant state when assessing stiction failure of a
NEM switch.
4.2. Comparison to experimental data
Finally, we compare the stiction boundaries presented here
to experimental data, published in [17] and reproduced in
the review by Loh and Espinosa [1]. This experimental
data was obtained using multiwalled carbon-nanotube (CNT)
cantilever switches. Continuum beam models like that
developed here can be applied to CNT switches for nanotubes
with more than ∼4–5 layers [4, 41]. In the experiments,
typical CNTs had ∼25 layers with a 0.33 nm interlayer
spacing. The height of the switch took values δ = 30–800 nm
and the beam length ranged from l = 470 to 1580 nm.
Following the earlier comparison to experiments (section 3),
we set the parameters in our numerical model to be w∗ =
0.33 nm and h = 8 nm.
We reproduce the experimental data for a carbon
beam–carbon substrate switch in figure 9 [17], together with
the scaling law presented in the original paper, δclamp ∼ l4
(dotted line). This scaling law was based on the assumption
that stiction is determined by the total adhesive energy stored
in the adhered segment of the beam, for a given point of
delamination, λ [17]. However, as discussed above, λ is not
known a priori. In fact, stiction boundaries should be found
by solving for λ, which is dependent on the geometric and
material parameters of the system. The resulting clamped
and pinned stiction conditions (19) and (21) are shown in

(min)

and ψclamp . Since these minimum voltages were found to be
consistently lower than the pull-in voltage, ψp–i , it is clear that
significant hysteresis between free and adhered states exists.
(min)
Also, the minimum clamped voltage, ψclamp was observed
9
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to be always lower than the pinned-to-clamped transition
(max)
voltage, ψpin , suggesting further hysteresis between the two
adhered states. This lends further support to the idea that the
dynamics of the respective transitions may play an important
role with respect to the stability of the different states. We
conclude that a study of the dynamic processes of the switch
cycle would present an interesting starting point for future
work.

integrating from x = −∞ to l, we obtain an analytic, but
cumbersome, expression for FvdW = FvdW (1γ , h, w∗ ). Since
the vdW force is only significant very close to the pinning
point the integral converges, even for small values of ϕ.
Performing a series expansion in w∗ , we find
"
#
 
 
4 w∗ 2 8 w∗ 3
1γ
a 1−
+
− ··· .
(26)
FvdW =
ϕ
3 h
3 h
But since w∗  h, this gives to a good approximation FvdW '
1γ a/ϕ.
We postulate that the boundary of non-volatile pinning is
found at equilibrium between the shear force due to bending,
Fshear and the short range vdW force acting at the pinned end,
FvdW . Thus combining (23) and (26) and rearranging suitably
gives following pinning condition:
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|w000 (l)w0 (l)| = 1/`2ec .

Appendix

Substituting this into (22) yields an expression for the critical
pinning height (21):
√
δpin = ( 2/3)l2 /`ec .

In this appendix we derive the pinning condition (20). For
a pinned state we have λ = l and the boundary conditions
are w(l) = w00 (l) = 0, since the sheet is no longer flat at
x = l but instead experiences zero moment at the point
of pinning. In this section we derive an analogue of the
clamped delamination condition (18) appropriate for a pinned
boundary condition. This is done by balancing the shear force
acting on the beam at the point of pinning with the explicit
van der Waals force acting near x = l.
We solve (17) subject to clamped conditions at x = 0 and
pinned conditions at x = l, to find:


1  x 2  x
−3 .
(22)
w(x) = δ 1 +
2 l
l
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